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The scattering cross sections of the unpolarized electromagnetic and gravitational waves are shown 
to be equal for the extreme Reissner-Nordstrom black hole using N = 2 supergravity. The conversion 
cross sections between the unpolarized electromagnetic and gravitational waves are also shown to 
coincide. The gravitational and electromagnetic scattering cross sections are computed numerically 
for Reissner-Nordstrom black holes for several charge-to-mass ratios and the coincidence between 
the two scattering cross sections for the extremal case is confirmed. 
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Introduction: At the center of our galaxy, an intense 
compact radio source, Sagittarius A*, is associated with 
a supermassive black hole of mass M ~ 4.31 x 10 ®Mq [T]. 
It is thought that most galaxies have a supermassive core, 
with a close link between the properties of the black hole 
and the galaxy itself. Each galaxy also plays host to 
myriad black holes formed by stellar collapse. Clearly, 
black holes are a fundamental constituent of the universe, 
whose exotic properties are still being understood. 

According to the no-hair conjecture, when a black 
hole in electrovacuum is perturbed, it settles back into a 
Kerr-Newman configuration characterized by just three 
numbers: mass M, angular momentum J and elec¬ 
tric charge Q [5]. Observations suggest astrophysical 
black holes have significant angular momentum [3]; it is 
not known whether they are also endowed with charge 
though a Schwinger process would rapidly decrease the 
charge unless M > 10® Mq |4j. In the extremal limit 
{J/MY -I- (with natural units G = c = 1), 

the surface gravity of the horizon, and thus the Hawking 
temperature, approaches zero. Extremal black holes may 
be regarded as solitons of Einstein-Maxwell theory . 

In this Letter we consider planar electromagnetic and 
gravitational waves interacting with Reissner-Nordstrom 
(RN) black holes, with J = 0, 0 < Q < M. A wave im¬ 
pinging upon a black hole will be partially absorbed and 
scattered, and the polarized flux will bear the imprint of 
the black hole. For example, strong-held scattering near 
the black hole light-ring generates a distinctive ‘spiral 
scattering’ interference, with a ‘glory’ on- axis [6]. When 
the black hole possesses charge, the electromagnetic and 
gravitational perturbations are mixed together: an inci¬ 
dent electromagnetic wave will generate a gravitational 
wave, and vice versa [3- Furthermore, the helicity of the 
incident wave is not conserved, leading to novel signa¬ 
tures [8]. 

Numerical investigations have revealed curious coinci¬ 
dences between electromagnetic and gravitational scat¬ 
tering properties in the extremal limit Q —>■ M. First, 
the resonant (i.e. quasinormal mode) frequencies of grav¬ 


itational waves with a multipole index £ coincide with 
those of electromagnetic waves with a multipole index 
£ — 1 [H] . Second, the absorption cross sections for gravi¬ 
tational and electromagnetic waves are equal |10| . Third, 
as shown here for the hrst time, the unpolarized (or cir¬ 
cularly polarized) electromagnetic and gravitational scat¬ 
tering cross sections are equal (see Fig. lower panel), 
and the electromagnetic-gravitational conversion cross 
sections are also equal. 

These properties all hint at an underlying symmetry. 
Remarkably, the symmetry may be revealed through the 
methods of = 2 supergravity: a (partial) realization of 
Einstein’s dream of unifying electromagnetism and grav¬ 
ity m- Supergravity, as the gauge theory of super- 
symmetry, pairs together bosonic and fermionic fields. 
In the N = 2 model, the electromagnetic (s = 1) and 
gravitational (s = 2) fields are joined by gravitino fields 
(s = 3/2). The extremal RN black hole is a Bogomol’nyi- 
Prasad-Sommerfeld (BPS) state in = 2 supergravity, 
and thus it possesses an unbroken supersymmetry [5]. 
This supersymmetry has previously been shown to be re¬ 
sponsible for the equality in quasinormal frequencies [Hi¬ 
lt also leads to some relations among partial-wave scat¬ 
tering amplitudes m- These relations have been used to 
explain the equality in the gravitational and electromag¬ 
netic absorption cross sections mentioned above. Here, 
with a novel analysis that applies supersymmetry trans¬ 
formations directly to plane-wave solutions, we show that 
supersymmetry accounts for all the additional coinci¬ 
dences noted above. 

Analysis: Majumdar-Papapetrou geometries take the 
form [13] 

ds^ = u~^dt^ — u^{dx^ dy'^ dz^), ( 1 ) 

where ds^ = g^^dx^dx'', = (m“^, 0,0,0), and we 

adopt the signature (-1-,—,—,—). With this ansatz, the 
Einstein-Maxwell equations reduce to Laplace’s equation 
= 0 and du/dt = Q on a flat background. The fun¬ 
damental solution, u = IM/p with = x'^ y'^ z'^, 

is recognized as the extremal RN spacetime in isotropic 
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coordinates. 

In TV = 2 supergravity, the gravitational and electro¬ 
magnetic fields are paired with gravitino fields repre¬ 
sented by two Majorana spinors, (J = 1,2). The 
Lagrangian reduces to the stan¬ 

dard Einstein-Maxwell Lagrangian C'Eyiig^iv, A^) when 
■0^^^ = 0. Thus, RN black holes are solutions in TV = 2 
supergravity. 

The Lagrangian £suGra is invariant, up to a total di¬ 
vergence, under certain gauge transformations that mix 
A^ and 0^^^ (TV = 2 local supersymmetry). Since the 
extreme RN spacetime preserves some of the supersym¬ 
metry, one may generate electrovacuum solutions that 
are small perturbations of this spacetime from TV = 2 su¬ 
pergravity solutions with small gravitino perturbations 
by applying supersymmetry transformations. 

The local supersymmetry transformation for the suit¬ 
ably normalized metric perturbation and the elec¬ 
tromagnetic field Afj^ can be given as follows, up to a 
common constant factor ni: 

= ( 2 ) 
Sh,, = ( 3 ) 

where (/ = 2) are Majorana spinors and ^ de¬ 

notes the transpose. The y-matrices satisfy {T^, 7 ^} = 
_ _ 2 ^ab^ where is the flat Lorentzian 
metric. We choose the y-matrices to be real, noting that 
y° is then anti-symmetric whereas y"^ {A = 1,2,3) are 
symmetric. We define y^ = y^e^^, where the vectors 
(^4 = 0,1,2,3) form a local Lorentz frame at each 
spacetime point. The supersymmetry transformation of 
the gravitino fields can be given in terms of the field 
0 A 1 := 0 M^^ + 10 ^ 1 ^^ and the gauge function e := +ie^A 
as follows [5] with = d^A„ — d^A^^ on a background 
solution with 0^^^ = 0: 

<50;. = D^t + ^L0;37“7^7/xe, (4) 

where D^j, is the covariant derivative for spinors. 

In Majumdar-Papapetrou spacetimes there are Killing 
spinors e satisfying 50^ = 0 in Eq. Q. Any spinor e = 
u~^^^ec, where Cc is constant, is a Killing spinor if ij^ec = 
—Cc- This condition can be written in the real form as 
e'A) = Thus, the spinor can be chosen so 

that it is any real constant spinor at spatial infinity. 

The existence of a Killing spinor implies that TV = 2 su¬ 
pergravity theory linearized about the extreme RN space- 
time is supersymmetric. Therefore, we can map grav¬ 
itino scattering solutions to photon-graviton scattering 
solutions by supersymmetry. More specifically, if 0^^^ 
give a gravitino scattering solution, then from Eqs. (H 
and (1^ and the relation = —^Og(i) we find that, if 
e = eW -|-ie( 2 ) jg Killing spinor, then the following fields 


will give a photon-graviton scattering solution: 

= ( 5 ) 

). ( 6 ) 

Since we are only interested in linearized field equations, 
we can treat 0^^^ and as ordinary functions of space- 
time rather than fermionic operators or Grassmann num¬ 
bers. 

In order to discuss gravitino scattering solutions we 
first should consider gravitino plane-wave solutions in 
flat spacetime. The non-interacting gravitino fields 0^/^ 
satisfy 7[^9j.0^j^ = 0 in flat space [1^1. These equa¬ 
tions are invariant under the following gauge transforma¬ 
tions: 0^’^^ I— >■ 0^^^ ^ where are any Majorana 

spinors. Let us consider a gravitino plane wave incident 
from z = oo. Under the gauge condition 7^0^^^ = 0 
the general solutions to these field equations are indeed 
plane waves and take the form 0^^^ = 
where 0^^’^^^ are constant spinor-vectors. The gauge in¬ 
variance mentioned above can be used to gauge away the 
components 0 q^^ and 03 ^^ (see, e.g.. Refs. dUHS]). Then 
we find 7 ° 7 ^ 0 }/^ = g = 1,2 and ^ 

From now on we let 0^^^ be a scattering solution in the 
extreme RN background which becomes a plane wave as 
described above in the limit z ^ oo. 

For z —^ oo the components with /i = 1 and 2 of the 
electromagnetic plane wave in Eq. ([^ may be nonzero 
and are given by 

Ai«e«^(0«+yO0p^ (7) 

A,«cWV7^(^r^+7y^^), (8) 

where we have used the relation 02^^ « We 

also find that, for z —)■ oo, the given by Eq. Q is 
nonzero only if ^ or jz is either 1 or 2. It can also be shown 
that the hf^o and h ;.3 are of pure-gauge form, and hence 
can be disregarded in considering the flux of gravitational 
wave coming in from z = oo. Hence, the only relevant 
components of the gravitational plane wave described by 
Eq. ([^ are found for large z as 

/122 - -/ill ~ _ 707:7}, ( 9 ) 

fi. 2 »o-^e“>yV»!'’- 7 V 7 ). (10) 

We note that these expressions and Eqs. Q and (|^ be¬ 
come exact in the limit z —>■ (X), where 0p^^gives a plane 
wave. 

Now, we shall find gravitino plane-wave solutions that 
give linearly polarized incident electromagnetic plane 
waves through Eq. © but no incident gravitational 
plane waves through Eq. ©. We first note that the 4- 
dimensional space of constant real spinors consists of four 
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1 -dimensional eigenspaces of the commuting real sym¬ 
metric matrices 1757 ^ and 7 ^, each with eigenvalues ± 1 , 
where 75 := —i 7 ° 7 ^ 7 ^ 7 ^. We choose the scattering solu¬ 
tion such that is an eigenspinor of 1757 ^ 

and 7 ^ with eigenvalues -|-1 in the limit z —>■ 00 where 
is an incoming plane wave. Since 
for z —>■ 00 , we have — 7 ° 0 p^ « 7 ° 7 ^(V'i^^ + 7 °V'i )■ 
Thus, — 7 ° 0 p^ is an eigenspinor of 1757 ^ with eigen¬ 
value — 1 for large z. Dehne e+± to be unit real spinors 
satisfying 1757 ^e+± = e+± and 7 ^e+± = ±e+±. Then, 
we find from Eqs. 0 -§ and Eqs. ([^-([I0| that the in¬ 
cident electromagnetic wave is linearly polarized in the 
1 st direction if = e+_|_ and in the 2 nd direction if 
_In either case there will be no incident grav¬ 
itational wave. 

Let us now discuss the differential scattering and con¬ 
version cross sections for unpolarized incident electro¬ 
magnetic waves m- Far away from the origin a scattered 
solution can locally be approximated by a plane wave 
times 1/r. Now, choose a rotated coordinate system char¬ 
acterized by the orthonormal vectors ej, i = 1,2,3, such 
that the unit vector in the 3rd direction in the old coordi¬ 
nate system, 63 , is expressed as 03 = njej -l-n^e^ -l-ngeg. 
After a suitable gauge transformation, the electromag¬ 
netic and gravitational plane waves in Eqs. ([^ and Q, 
respectively, propagating in the negative 3-direction are 
given by replacing the coordinates 1, 2 and 3 by 1, 2 and 
3 in Eqs. and Eqs. ([^-(10). Hence the differential 

scattering cross section in the negative 3-direction is 


da 

dil 


= CY^ hm [lAiP + IA^n 

^ 7— yoc) 

± 

= C lim 

r — yr>r> 1 1 

+7Vf^), 


v' I 2 1 v' 12 

E+ -t 7 7 E +7 7 


( 11 ) 


where C is a constant and E+ = e+_|_e!^_|_ -I- _ e^_ « 

(1 -|-i 757 ^)/ 2 . By substituting this formula into Eq. 0 
and using 7 ^ = nj 7 ^ -|- we find 


da 


A^A 


= C lim 

r—>-oo 1 1 

( 1 ) , „, 0 „/,( 2 )^ 


x(l -hm3757 )(0'j +7Vi ) 


— Ad- 


where 


A:=C lim 

r—foo 

B := iC lim 

r—yoo 






( 12 ) 

(13) 

(14) 


We have used the fact that are eigenspinors of 7^71 
with eigenvalue -1-1. The differential cross section in the 


same direction for the conversion from (unpolarized) elec¬ 
tromagnetic wave to gravitational wave can be found sim¬ 
ilarly as 

da 


dfl 


A^h 


= cJ2 1 ™ [IViP + IV 2 P + 2|lii2H 


= C lim -I- 

r—ynn 1 1 




X (1 + W3757^)(^i^^ - 7 '^V’i^'’) 

= A — n^B. (15) 

Next, we let = e_±, where e_± are real unit spinors 
satisfying i 757 ^e_± = —e_± and 7 ^e_± = ±e_±. Then, 
we find from Eqs. ([7])-|^ and Eqs. ([^-(10) that the so¬ 
lutions given by Eqs. (j^ and Q are such that there is 
a linearly-polarized incident gravitational wave with the 
same flux as above coming in from z = 00 with the ‘-I-’ po¬ 
larization (the ‘x’ polarization) if = e_= e_). 

In either case there will be no incident electromagnetic 
wave. We can express the unpolarized differential scat¬ 
tering cross section in the negative 3-direction as: 

-I- |h22p + 2|/lj2p] 




dV, 


= Cy lim 

, , r—yoo 

h—yh 

= A + rinB, 


(16) 


where the summation is over e_±. We have used 

e_+e!0_|_-l-e_ e^_ « (1 —^ 757 ^) 72 . We similarly find the 

differential conversion cross section from gravitational to 
electromagnetic waves in the negative 3-direction as 


da 

dVL 


h^A 


= CY, lim [IHil^ + IA^r] 

< ^ r —^00 J 


= A — n^B. 


(17) 


By comparing Eqs. (12) and (16 1 we see that the scat¬ 


tering cross sections for the gravitational and electro¬ 
magnetic waves are equal. We also find, by comparing 
Eqs. ([I^ and ([T 7 |, that the conversion cross sections 


from electromagnetic to gravitational waves and from 
gravitational to electromagnetic waves are equal. 

Numerical results: We now show that equality of scat¬ 
tering cross sections is supported by new numerical re¬ 
sults, obtained via a rather different formalism: partial- 
wave solutions constructed from multipolar sums. For 
this purpose, we compute the scattering cross section of 
incident gravitational plane waves by RN black holes and 
compare it with the electromagnetic counterpart [S]. 

The multipoles of the electromagnetic and gravita¬ 
tional perturbations are given by [18) : 


F/’ = cos 0 — sin 0 , 

GJ = sin 0 -I- ipf_ cos 0, 

where the functions obey the equations 

- VS:) pf± = 0 . 


(18) 


(19) 
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Here, V = ± denotes parity (even [polar] or odd [axial]), 
r* is the tortoise coordinate, given by d/dr^ = /(r) d/dr 
with f(r) = 1 —2M/r + (5^/r^ in the standard coordinate 
system, and 


sin(2'!/;) 




( 20 ) 


with H = A/9M2+4g2(^_i)(^ + 2). 

The effective potentials, V^., can be found, for exam¬ 
ple, in Ref. m, with plots in Ref. [5D]. As a general 
behavior, are zero at the event horizon, r+, and at 
infinity. Therefore, it is possible to write: 


^'e±ir*) 


^ ^ (n^oo); 

(r*^-oo). 


( 21 ) 


The gravitational scattering cross section for RN black 
holes can be written as: 


da 

dfl 


= \^\^ + \G\^ 


( 22 ) 


Ze{l)Zi{cos9) - ij , (23) 

V=±l 1^2 
oo 

^ = — y yv{-iYZ({i)Zi{-cose) 

(i^) _ ^ ^24) 


V=±l 1=2 


where Zi =s =_2 are the spin-weighted spherical 

harmonics [H], and the phase shifts are given by 


(w) 


cos^ 1/ + sin^ ip). (25) 


The jF and Q are the helicity-preserving and the helicity- 
reversing amplitudes, respectively. We note that Q is 
associated with the difference of phase shifts from dis¬ 
tinct parities and, therefore, is zero whenever 5// (w) = 
S//{uj). This is the case, e.g., for electromagnetic radia¬ 
tion around a Schwarzschild {Q = 0) black holes, but not 
for a Reissner-Nordstrom black hole. Observational con¬ 
sequences of this ‘helicity-nonconservation’ were explored 
in Ref. [8]. 

Figure [T] shows numerically-computed scattering cross 
sections for waves of spin 0, 1, and 2 for black holes with 
q = Q/M = 0,0.8,1 and Muj = 3.0. The cross sections 
for Schwarzschild black holes are broadly similar across 
the range 9 < 100°, but differ at large angles. For q = 0.8, 
results for s = 1,2 are very close for 9 < 100°, but dif¬ 
fer significantly from the scalar case. For extremal RN 
black holes (g = 1), we see excellent numerical confirma¬ 
tion that the electromagnetic and gravitational scattering 
cross sections are equal (lower plot). Further numerical 
results will be presented in a companion paper. 


q = 0, Mco = 3.0 



0 (deg) 


FIG. 1. Scattering cross section for electromagnetic and 
gravitational radiation for Schwarzschild black holes {top), 
Reissner-Nordstrom with q = |Q|/M = 0.8 (middle), and 
extreme Reissner-Nordstrom black holes (bottom). Here, 
Mu> = 3.0. 
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